Multi-plane light conversion is a method of performing spatial basis transformations using cascaded phase plates separated by Fourier transforms or free-space propagation. In general, the number of phase plates required scales with the dimensionality (total number of modes) in the transformation. This is a practical limitation of the technique as it relates to scaling to large mode counts. Firstly, requiring many planes increases the complexity of the optical system itself making it difficult to implement, but also because even a very small loss per plane will grow exponentially as more and more planes are added, causing a theoretically lossless optical system, to be far from lossless in practice. Spatial basis transformations of particular interest are those which take a set of spatial modes which exist in the same or similar space, and transform them into an array of spatially separated spots. Analogous to the operation performed by a diffraction grating in the wavelength domain, or a polarizing beamsplitting in the polarization domain. Decomposing the Laguerre-Gaussian, Hermite-Gaussian or related bases to an array of spots are examples of this and are relevant to many areas of light propagation in free-space and optical fibre. In this paper we present our work on designing multi-plane light conversion devices capable or operating on large numbers of spatial modes in a scalable fashion.
INTRODUCTION
Light fundamentally has five degrees of freedom; amplitude/phase, time, wavelength, polarization and space. All applications in optics use at least one of these properties and the degree to which each property can be measured and controlled defines what applications are achievable using optics. In order for a given property of light to be exploited for a particular application, it is first necessary to have components capable of discriminating on the basis of that particular property. For example, in the wavelength domain there are many dispersive elements such as gratings or prisms which can take a beam of light and map its spectral components to completely separated spatial positions. From there, each component can be analyzed and/or manipulated. Similarly, in the polarization domain, there are many types of polarizing beamsplitter capable of splitting a beam up into its two orthogonal polarization components. These are examples of fundamental operations used routinely throughout optical physics with origins dating back centuries. The ability to perform these operations is largely taken for granted by researchers and those designing optical systems, and is often a fairly trivial task which can be implemented using any of a large variety of available components. Light's spatial properties represent an infinite state space, making it attractive for applications requiring high dimensionality, such as quantum mechanics [1] [2] and classical telecommunications [3] [4], but also applications which are directly concerned with light's spatial properties, such as imaging. However in the spatial domain, there is no device comparable to a grating or calcite crystal for the wavelength and polarization domains respectively. That is, a device which can take a beam consisting of a large number (N) of orthogonal spatial components, each occupying the same or similar space, and transform them into an output array of N spatially separated beams, each containing a single spatial component of the original beam. This 'mode sorting' operation in the spatial domain can be performed in the basis of any two-dimensional (2D) orthogonal set. Whereby a single component of the set in the unsorted beam becomes a single spot on the sorted side at the output. Laguerre-Gaussian (LG) modes are perhaps the most popular choice for modal decomposition. The attractiveness of LG modes lies in the fact that they are eigenmodes of the Fourier transform, freespace propagation, and parabolic index fiber in the weak-guidance approximation. As well as being circularly symmetric and directly related to the orbital angular momentum (OAM) of the photon [5] . As a 2D orthogonal set, each mode in the LG basis is denoted by two indices. The azimuthal index, l, representing the quantized orbital angular momentum per photon and the radial index, ρ. To describe any arbitrary 2D transverse field, both azimuthal and radial components are required, and full use of both components is also necessary to pack the highest possible dimensionality into the smallest beam cross section [6] for use in quantum [7] , [8] or classical communication [4] , [9] .
Mode sorting devices have been developed in recent years which have implemented some ability to decompose a beam into its orthogonal spatial components, but each has had its limitations. Approaches based on sorting N modes based on a cascade of N-1 interferometers [10] , [11] are difficult to scale to large mode counts. Some approaches can sort on the basis of either the azimuthal or radial index, but not simultaneous sorting of both [11] , [12] or in a non-orthogonal fashion [13] . Although successive stages for azimuthal and radial indices could be cascaded together to address both indices, this further hinders scalability to large mode counts. Another practical consideration of a mode sorter is the spatial profile of the output beams on which the individual spatial components are mapped. Ideally, all output spatial components from the input spatially multimode beam would be mapped onto Gaussian beams which are spatially separated at the output, but are otherwise identical in terms of waist parameter. This enables diffraction limited performance, compatibility with single-mode fiber for detectors/sources, and the efficient usage of a given optical system's available clear aperture and numerical aperture, assisting scalability to large mode counts. However, most current approaches natively output a beam which is non-Gaussian and/or not circularly symmetric [11] - [14] meaning additional optics would be required for each modal component in order for lossless compatibility with single-mode detectors or sources. The device presented here maps both the azimuthal and radial components of a multimoded beam to an equally spaced Cartesian grid of identical Gaussian spots for over 210 modes using off-the-shelf components. The mapping itself is illustrated in Figure 1 . Each Gaussian spot in a Cartesian array at position (x,y) in Figure 1 (a) is mapped to a single Hermite-Gaussian mode (m,n) in Figure 1 (b) using a multi-plane light conversion (MPLC) system [15] - [17] . The output basis can then be transformed to Laguerre-Gaussian (ρ,l) if desired in Figure 1 (c) through a pair of cylindrical lenses [5] , [18] .
EXPERIMENTAL SETUP
A schematic of the MPLC system which transforms Cartesian coordinates to Hermite-Gaussian modes is illustrated in Figure 2 (a) and consists of very few optical components. Namely, an equally-spaced Cartesian array of fibers collimated by microlenses, a spatial light modulator (SLM) and a mirror. For conversion to the LG basis two additional cylindrical lenses are required. Where appropriate for the application, the fiber array could also simply be a CCD camera. Importantly, not only are the optical components the device is composed of standard items which can be purchased offthe-shelf without any custom fabrication, but the total number of optical components is almost independent of the number of modes being sorted. The transformation is performed using just 7 planes for over 210 modes. Between the phase planes there is only free-space propagation. From Figure 2 (b) it can be seen that the phase masks themselves are of low spatial resolution, making them implementable on even low-resolution SLMs. A summary of the transformation for the first 210 spatial modes is shown in Figure 2 (c) and for a specific example of the HG 16,3 mode in Figure 2 (d) .The masks are calculated using an inverse design process, known as wavefront matching [19] or adjoint optimization [20] , [21] . The masks for each of the 7 planes are calculated numerically by propagating the desired basis (Cartesian grid of Gaussian spots) at one end through the optical system, and the corresponding desired output basis (HG modes) in the backwards direction. The phase masks are then updated iteratively until convergence by numerically propagating from plane-to-plane, backwards and forwards through the device. At each step, the phase mask is updated to become the phase of the superposition of the overlaps between each pair of input and output modes. The transformation is an approximation and is not strictly unique, although all low-loss solutions have similar features. The transformation is based largely on cubic phase manipulations, which generate Airy-like beams that are superimposed together to approximate Hermite-Gaussians. The transformation implemented here consists of an input array of Gaussian beams with mode-field diameter (MFD) = 60μm, with an array pitch of 127/√2=89.8μm. These spots propagate approximately 20mm before the first reflection off the SLM. The SLM is a Holoeye PLUTO-II with a dielectric backplane for high reflectivity (>95%). Light is then reflected back and forth between the SLM and a silver mirror parallel to the SLM 12.5mm away, undergoing 7 reflections off the SLM (6 off the mirror), before exiting the device as HG modes with MFD=400μm. From there, a Fourier lens f=160mm is used to focus the beam onto an InGaAs camera for characterization in the HG basis, or through an additional pair of f=200mm cylindrical lenses to transform into the LG basis. 
EXPERIMENTAL RESULTS
To characterize the system a 127μm pitch V-groove array of SMF-28e fibers with microlenses is mechanically moved along the x-axis (long-axis) of the SLM. Each 63.5μm step along the x-axis moved the 1D fiber array from one degenerate mode-group to the next. Digital holography is performed to reconstruct the amplitude and phase of the output beam for each input spot in the array, for all 210 modes over a wavelength range of 1520nm to 1630nm. Some example measured fields are illustrated in Figure 3 for both the HG and LG basis. When operating in the HermiteGaussian basis, it can be seen that all modes have the correct number of lobes in the x and y directions, as well as the correct phase relationship between those lobes. Similarly, when operating in the Laguerre-Gaussian basis, it can be seen that all modes have the correct number of rings (ρ) and helical phase (l) profiles. LG(-9,1) [ Group 20] LG (1, 6) More rigorously, the performance of the system is quantified in terms of its optical transfer function. That is, the coupling matrix between input spots and output HG modes as a function of wavelength [22] [23] [24] . The theoretical performance of the transformation is shown in Figure 4 (a). Insertion loss (IL) is defined as the average loss over all possible modal superpositions through the device, and mode dependent loss (MDL) is the largest possible difference in loss between any two modal superpositions through the device. Theoretically, the transformation has an insertion loss of 2.4dB at the center wavelength, increasing to 2.9dB and 3.4dB at 1520nm and 1630nm respectively. MDL is theoretically 3.3dB at the center wavelength, 5.3dB at 1520nm and 7.6dB at 1630nm. Experimentally, IL is observed to be between 6.9dB and 9.2dB for the HG basis, which for the center wavelength corresponds with approximately 0.6dB of excess loss per reflection from the SLM. MDL was measured to be between 12.2dB and 17.3dB. It should be noted, that the MDL is not the difference in loss between the maximum and minimum loss HG mode of the device. Those losses, the diagonal elements of the transfer matrix are illustrated in Figure 3 (b) and have a variation of just 2.0dB at the center wavelength. It should also be noted that the measured MDL also includes the MDL of the measurement apparatus itself. Whilst the wavelength dependence of the MDL is similar to the simulated values, the entire curve has been shifted down by approximately 9dB.This appears to be a consequence of inter-pixel crosstalk on the SLM [25] . Whereby the fringing field between pixels is such that a -π to +π phase wrap occurs on the scale of 2 pixels, rather than with infinite spatial resolution. Example simulation results that convolve the phase of each SLM pixel with a Gaussian of width 16μm are illustrated in Figure 4 (a) for reference. Blurring of the phase levels causes scatter and crosstalk between modes, primarily into the next mode-group. This can be seen in the measured transfer matrix (U) of Figure 4 (c). Although it is largely diagonal, the inter-group crosstalk, cause primarily by the pixel blur, can be seen as the faint off-diagonal lines. This excess scattering of light during phase wraps would be far less relevant if the phase masks were implemented using a fixed lithographic process of higher spatial resolution, rather than an SLM.
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